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Closed solutions are  derived for l inear differential  equations for one-dimensional  drying 
with an evaporat ion boundary moving in accordance with p~ft. 

1. Lykov [1] has given an analytical  formulat ion for the drying in this case with a moving evaporation 
boundary. He also gave an approximate solution for  the simplified case of drying with a l inearly moving 
evaporat ion boundary. 

We use Lykov 's  analytical scheme to formulate the one-dimensional  case of drying with a moving 
evaporation boundary (x = y(t)) for a semiinfinite space;  the cr i t ical  water  content U c is considered as con- 
stant at the boundary of the evaporat ion zone. 

The problem is then that of solving a sys tem of equations for the evaporat ion zone 

00~ 020~ ' O2U~ 0 < x < g (0,  (1 .1 )  
at = %~ Ox ~ -c al~ ax ~ , 

ou1 o2ui 0201 
- -  = a ~ l - - + c z 2 ~ ,  O < x < y ( t )  (1.2) 

Ot Ox ~ Ox 2 
and the sys tem of equations 

for  the mois t  zone. 

O0~ --  ~ n  020" a2u2 (1.3) 
at ax 2 i ~ Ox 2 , y (t) < x < ~ ,  

OUz O2U,. , O2O~ 
Ot = ~ Ox ~ -r ~.,.~ Ox ~ , y ( t ) < x <  ~ (1.4) 

The following are the boundary and initiai conditions: 

e 1(0, t ) = e  s=const,  U 1(0, t ) = U  s=const ,  (1.5) 

O~(x, 0) = e s = const, U~.(x, 0) = U s = const. (1.6) 

At the moving boundary, i.e., at x = y(t), we have equality in the tempera ture  and water contents and 
also equalities in the water  and heat fluxes, i.e., 

01 (v (t), t) = o~ (v (t), O, u1 (v (t), t) = u~ (y (t), t), 

- - -  ~'1 \%1 ~o,~ = Z2 - ~ - -  v2 [~.2, 
~ ox ' "" ox i J~=~(o o.,c ~ T. P:: --~-x~ / J.~=,:(o 

i 

All the coefficients in the equation are  considered as constant.  The physical  meanings of these coef-  
ficients are those given by Lykov [1 ] on the assumption that the heat and mass  t rans fe r  involve vapor and 
water  in the humid and evaporation zones.  

(1.7) 

(1 .S) 

(1 .9 )  
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and 

2. We seek p a r t i c u l a r  so lu t ions  0i(x , t, p) and Ul(x , t, p) to (1.1) and (1.2) in the f o r m  

01 (x, t, p) = 011 (x, p) exp (pt)  

U1 (x, t, p) = Un (x, p) exp (pt). 

We subs t i tu t e  (2.1) and (2.2) into (1.1) and (1.2) to ge t  

(2.1) 

(2.2) 

and 

and 

d~Ou d*Ull 
poll (x, p) = ~1  ~ + ~1~ ~ (2.3) 

If we put 

d~Un d~011 (2.4) 
pU n (x, p) = %i dx--- ~ + %2 - - ~  

d 2 
01~ (x, p) = -- a!~ ~ V (x, p), 

a x *  
(2.5) 

( d, ) 
Uu (x, p ) =  a n dx---- U - p V (x, p), (2.6) 

w h e r e  V(x, p) is a new funct ion to be  d e t e r m i n e d ,  then  (2.3) is  s a t i s f i e d  ident ica l ly ,  while f r o m  (2.4) we ge t  

[ ( (zn  d - ~ - - - p ) ( a . , l  d'Z p ) - - a i ~ x ~  ] V ( x ,  p ) = O .  (2.7) 
- , , d x  ~ . 

As (2.7) is a u n i f o r m  equa t ion  of four th  o r d e r ,  the c h a r a c t e r i s t i c  equa t ion  is  

(0~11ff.21 __ ~12a22 ) S 4 __ p ((Z11 @_ CZ21) $2 ~_ p2 = 0 (2.8) 

and th is  h a s  four  r oo t s :  

Sl,g = • ri V P  and S.,. = _+ r~ V P ,  (2.9)  

w h e r e  

q,~ = V f (%1 + %0 #: V - ( ~ i +  %1) 2 - -  4 (cqicz.~i - -  cqdz~) 
2 ((zii(z2i - -  {z12o~22 ) 

(2.10) 

If 0/110/21-~12~22 > 0, al l  the roo t s  a r e  r ea l ;  if on the o the r  hand 0/t10/21-0/120/22 < 0, then all  the roo t s  
a r e  i m a g i n a r y .  We c o n s i d e r  the  c a s e  of r e a l  roo t s ,  which c o r r e s p o n d s  to the p h y s i c a l  condi t ions  such  that  

(211 > 0/12 a n d  0/21 :> 0/22" 

T h e n  the g e n e r a l  Eq .  (2.7) wil i  t ake  the f o r m  

V(x, p )=Cl (p )exp(r l xV ' -p )+C2(p)exp( - - r~xV-~ '+C3(p)exp(r~xVl ) )  @ C~(p)exp(--r~x l/-p), (2.11) 

where  Ci(p) a r e  a r b i t r a r y  funct ions  of p a r a m e t e r  p. 

We subs t i tu t e  our  r e s u l t  f o r  V(x, p) into (2.5) and (2.6) to get  

0 n (x, p) = - -  ch2r~pF~ (x, p, r~) - -  aior~pF 2 (x, p, r2) 

and 

(2.1 2) 

U n (;, p) = p (allr ~ -  1) F1 (x, p, rt) + P (cqlr~-- 1) F2 (x, p, G), (2.13) 

where  

F i (x, p, Q) -- Cj (p) exp (rlx Vp)  + Cj+i (p) exp ( - -  r~x ]l-p) 
- (2 .14)  

(i ~ 1, 2, and ] -- i for i = 1 and ] = i @ 1 for i == 2). 

S i m i l a r l y  we find the p a r t i c u l a r  so lu t ions  02(x , t, p) = 022(x , p)exp (pt) and U2(x , t, p) = U22(x , 
p)exp(pt);  the funct ions  022(x , p) and U22(x , p) take the f o r m  

02~ (x, p) = - -  ~2k~pF3 (x, p, kl) - -  ~nk~pF, (x, p, k~) (2.15) 

and 

U22 (x, p) = p ([~l~k~-- 1) F3 (x, p, k~) + p (~nk22- I) F~ (x, p, k~), J(2.16) 
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w h e r e  

Y~ (x, p, k~) = C i (p) exp (k~x I'" P) + C~+~ (p) exp (-- k,x l P) 
( i = 3 ,  4, a n d ] = = i + 2 f o r  i = 3 a n d ] = i @ 3  for i = 4 )  

and 

provided t h a t  f~ilfi21--fl12/~22 > O. 

and 

(2.17) 

+ [~2~) ~ V(~n  + ~2i) ~ 4 (~n[~.2~ -- ~2[~) (2.18) 

3. The  g e n e r a l  so lu t ions  to s y s t e m  (1.1)-(1.4) will  be sought ha the f o r m  of the following in tegra l s :  
a + i ~  

0 l (x, t) = 2.~il ~ 0~ (x, p) exp (pt) dp (l = 1, 2), (3.1) 
C;--i~ 

c+i  

1 U u (x, p) exp (pt) dp (l = t, 2). U~ (x, t) = 

Each  of the i n t eg ra l s  in (3.t)  and (3.2) cons i s t s  of the sum of four  i n t eg ra l s ;  fo r  ins tance ,  
g r a l s  fo r  01(x, t) take the f o r m  

o + i ~  a + i ~  

[ ' t  1 01 (x, t) = - -  %~_r~ - ~ /  exp (pt + qx  [/~) pC 1 (p) dp -~ - -  
2ai 

(3.2) 

the hate- 

j ' exp (pt -- r,x I/p) pC.,_ (p) dp] -- ch.,r ~ 

• ~ exp (pt -:- r.,.x ~ ) p C  a (p) dp { 2ai 

The  ca lcu la t ions  a r e  c o n s i d e r a b l y  s impl i f i ed  if the a r b i t r a r y  funct ions Cj(p) fo r  j = 1, 2, 3, 4, 5. 7 
a r e  put as 

and f o r j  = 6 a n d 8  

Cj(p) -- Cj , (3:4) 
p~ 

cj (p) cj , (3.5) 
p~ 

where  Cj a re  a r b i t r a r y  cons t an t s .  

Also,  (1.3) and (1.4) a r e  homogeneous  equat ions ,  so any eons tan t  will be a so lu t ion  to them;  bea r ing  
this  in mind,  we can t r a n s f o r m  the in teg ra l s  containing the cons tan ts  C s and C 8 in the f o r m  C j [ 1 / p -  
exp( -k tx~-p) /p  ] with i = 1 fo r  j = 6 and i = 2 fo r  j = 8. 

Then  these  va lues  of Cj(p) eause  the in teg ra l s  in (3.1) and (3.2) to take the va lues  

rl): 
•  

2 Vi- 
( Ox ) 2 ~ e-C'"da, (3.6) erfe • 2 ]/1. I 

0 
i r~z = I -err -: 21 Y/ = 1----- 

crfc (A  2F ' t  ] 21Yt-) (3.7) 

and 

kiz 
2V~ 

k 2 V / - /  V~ I e-~2~ ( i - 1 , 2 ) .  (a.s) 
0 
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and 

where 

These values  for the above integrals  give the following form to the general  solutions: 

o, (~, t) = -~ %,:~, \ 2  V7 \ 2 V F  ) 

o; (x,. ,, = _ (, ,, ++++ ( ) , 

(qx  ~ r+x) 
u, (x, t ) =  (%,r~ - ~) ,v, k-~--F / + (~l,r~ ~) r ( 2 V t-] 

r ( k~x ~ ( #~x ) 

(3.9) 

(3.10) 

(3.11) 

r k 2VY,  = C~ erfc ( 9-~7F. 1 ~, 2gF] 
(i = 1, 2, and ] = i  for i== 1 and i----i-- I for i = 2 ) ,  

( I=3 ,  4, and i = l a n d  n= l - + - 2  for I--=-3; for I = 4  i = 2 ,  andn=I4--3).  

( 3 . 1 2 )  

4. To find the a rb i t ra ry  constants Cj f rom the boundary conditions of (1.5) we  have two equations: 

cqer ~ (C x -}- C~_) @ aL~ ~ (C 3 Jr- C,) = - -  0 s (4.1) 

and 

(mnr~ --  I)(C~ ,-}- C e) + (o:nr ~ --  1)(C e -F C4) = --  Us; 

and f rom the initial conditions of ( t  .6) we get two fur ther  equations: 

and 

(4.2) 

(4 .3 )  

(13nk 2 -- 1)(2C~ -? C8) -+- (~11k~- 1)(2C7 + Cs) = Us. (4.4) 

We get the other four equations for the a rb i t ra ry  constants from the four boundary conditions at the 
mobile evaporation boundary; however, substitution of (3.9)-(3,12) into (1.7)-(1.9) gives algebraic equations 
for the Cj only if the boundary moves in accordance with 

x = y (t) = ~ V F ,  (4 .5 )  

where fl is an a rb i t r a ry  constant.  

This law for the boundary gives us from (1.7)-(1.9) the following four equations: 

-- (3~12r~t~1 ( - - ~ . )  --O~12f2(IJ2(f~2)--~f~12ki31T ) '  ~ kl~ ~ [~12/~21~1 ( - ~ )  ~.. 0 , (4.6) 

AI (C~ -- C2) § A, (C 3 -- C4) A3 (C5 + C6) -- A L (C7 + Cs) = 0 (4.8) 

and 

where 
B I (C 1 - -  Ce) --~ B e (C 3 - -  C4) -@:Bs (C5 -+- C6) @ B 4 (C 7 @ Cs) = 0, 

A , =  [ri% x (~znd 1) --  ~l~er~] exp --  - ~ )  (i = t, 2); 

( k~[ ~e ) (l--1, 2); 
At+ , = [k~132x ([~nk~-- I ) "  ~xe~e2k~] exp - -  --~-- 

B, [r~a,,(vx~2--~,l)-- ~xa21/i(anr~-- l)lexp ( - - ~  ) (i= 1, 2) 

(4 .9 )  
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and 

~,+2: t~l~ (~ - ~p~) + ~&lk~ (~k~ - 1)1 exp ( .  k~04 ) (~ : "  2). 

Equations (4.1)-(4.4) and (4.6)-(4.9) constitute a sys tem of eight inhomogeneous equations, which are  
to be solved for  the Cj. These  Cj are  dependent a lso on ~; we get the equation for  fl f rom the condition that 
Ul(~ft , t) = U c at the ~nobile boundary.  

W e  s u b s t i t u t e  x = fir i n t o  ( 3 . 1 1 )  and use Ul( f i~ t ,  t) = U e to get 

Uc=(Cznr~_l)r ) + (~znr~ __ 1) r  i__~_ ) (4.10) 

to determine 9. 

01(x , t) and 02(x , t) 
U1(x , t) and Uz(x , t) 
y(t) = ~ t  

1. 

NOTATION 

are the temperatures in the evaporation zone and in the humid zone; 
are the humidities in the evaporation zone and in the humid zone; 
is the position of the evaporation boundary. 
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